We show that the number of distinct non-parallel lines passing through two conjugates of an algebraic number α of degree d ≥ 3 is at most [d 2 /2] − d + 2, its conjugates being in general position if this number is attained. If, for instance, d ≥ 4 is even, then the conjugates of α ∈ Q of degree d are in general position if and only if α has 2 real conjugates, d − 2 complex conjugates, no three distinct conjugates of α lie on a line, and any two lines that pass through two distinct conjugates of α are non-parallel, except for d/2 − 1 lines parallel to the imaginary axis. Our main result asserts that the conjugates of any Salem number are in general position. We also ask two natural questions about conjugates of Pisot numbers which lead to the equation α 1 + α 2 = α 3 + α 4 in distinct conjugates of a Pisot number. The Pisot number α 1 = (1 + 3 + 2 √ 5)/2 shows that this equation has such a solution.
Introduction
Recall that a Salem number α > 1 is an algebraic integer of degree d ≥ 4 over the field of rational numbers Q whose conjugates, other than α itself, are α −1 and d − 2 numbers of modulus 1. The degree d of a Salem number must be even. Setting d = 2m + 2, where m is a positive integer, one can write the full set of conjugates of a Salem number as α, α −1 , e iϕ1 , e −iϕ1 , . . . , e iϕm , e −iϕm , where 0 < ϕ 1 < . . . < ϕ m < π. In his book, Salem proved that the arguments ϕ 1 , . . . , ϕ m and π are linearly independent over Q (see [5, p. 32] ; the proof is attributed to Pisot). This implies that there is no non-trivial multiplicative relation between the conjugates of a Salem number, that is (e iϕ1 ) k1 (e iϕ2 ) k2 . . . (e iϕm ) km = 1 if at least one of the integers k 1 , . . . , k m is nonzero.
In this paper, we prove the following:
No three distinct conjugates of a Salem number lie on a line.
No two lines that pass through two distinct conjugates of a Salem number of degree d are parallel, apart from the d/2 − 1 lines parallel to the imaginary axis passing through complex conjugate pairs.
The proofs of Theorems 1 and 2 will be given in Sections 3 and 4, respectively. In contrast to the above mentioned result of Salem and unlike similar results for Pisot numbers [1] and [3] (see Section 5) whose proofs are based on just one "trick", the proofs of both these theorems are non-trivial.
In Section 5, we raise a few natural questions about conjugates of a Pisot number. However, we begin with the following problem: find the maximal number of distinct nonparallel lines passing through two conjugates of an algebraic number of degree d.
The maximum number of lines passing through conjugate pairs
Let α be an algebraic number of degree d ≥ 2 over Q. There are d(d − 1)/2 pairs of conjugates, so, in general, there are d(d − 1)/2 lines passing through each such pair. For d = 2, there is indeed only one line. However, for d ≥ 3, some of those lines can be parallel or even coincide. Suppose that d = r + 2s, where r is the number of real conjugates of α and 2s is the number of complex conjugates. If r ≥ 3 then there are r(r − 1)/2 lines (among the d(d − 1)/2) which coincide with the real axis. If s ≥ 2 then s lines passing through pairs of complex conjugate roots will be parallel to the imaginary axis. Hence, given any d ≥ 3, it is quite natural to ask what is the maximum number N such that there is an algebraic number of degree d with N distinct non-parallel lines passing through pairs of its conjugates.
In order to answer this question for any d ≥ 3, we just need, by the above, to find the maximum of the expression
where r and s are two non-negative integers satisfying d = r + 2s. We claim that the maximum for D(r, 2s) is equal to
where [. . .] stands for the integral part of a number.
Indeed, if d ≥ 4 is even then, using r + 2s = d and the fact that r is even, we obtain that
On the other hand, the numbers
are all strictly smaller than d 2 /2 − d + 2. This implies that, for every even d ≥ 4, the number of distinct non-parallel lines passing through two conjugates of an algebraic number of degree d is at most [d 2 /2] − d + 2.
Similarly, for d ≥ 3 odd, D(r, 2s) attains its maximum at r = 1 and s = (d − 1)/2, giving
Furthermore, in both (even and odd) cases, the maximal number [d 2 /2]−d+2 is attained for α ∈ Q of degree d precisely when no three conjugates of α lie on a line and no two lines passing through two distinct conjugates of α each are parallel, except for [(d − 1)/2] lines (for d ≥ 5) through complex conjugate pairs which are parallel to the imaginary axis. We then say that the conjugates of such an α are in general position.
In particular, if d ≥ 4 is even, then the conjugates of α ∈ Q of degree d are in general position if and only if α has 2 real conjugates, d − 2 complex conjugates, no three distinct conjugates of α lie on a line, and any two lines that are passing through two distinct conjugates of α are non-parallel, except for d/2 − 1 lines (when d ≥ 6) parallel to the imaginary axis. Clearly, Theorems 1 and 2 combine to give the following corollary: In fact, for any d ≥ 3, there are many algebraic numbers α of degree d whose conjugates are in general position. For example, the conjugates of any non-totally real cubic algebraic number are in general position. It is an easy exercise to show that the conjugates of a quartic algebraic number α with two real conjugates α 1 and α 2 and two non-real conjugates α 3 and α 3 are in general position except when α 1 +α 2 = α 3 +α 3 , which means that the numbers α 1 , α 3 , α 2 , α 3 in the complex plane form a rhombus. We conclude this section with the following explicit example for each d ≥ 3.
Theorem 4. Let f be an irreducible polynomial of degree d ≥ 3 over Q having one real root for d odd and two real roots for d even whose Galois group is isomorphic to the full symmetric group S d . Then the roots of f are in general position. In particular, the roots of
Proof: It is well known (see for instance [2, p. 42 ]) that, for each d ≥ 2, the polynomial g(x) := x d −x−1 is irreducible and its Galois group G is isomorphic to the full symmetric group S d . We shall use this fact repeatedly in our argument. Set x d := d −1/(d−1) . Clearly g(x d ) < 0, the derivative of g(x) is zero at x = ±x d for d odd and at x d for d even. In the first case, g(−x d ) < 0, so g(x) has a unique real zero for each odd d. In the second case g(x) has two real zeros for each even d ≥ 2. This shows that the first claim of the theorem implies the second concerning the roots of the polynomial x d − x − 1.
Let f be a polynomial satisfying the conditions of the theorem, and let α be one of the real roots of f. We denote the roots of f by α 1 , . . . , α d . In order to prove the first claim of the theorem we need to show that no three roots of f lie on a line, and that no two lines passing through two roots of f are parallel, except for those [(d − 1)/2] that for d ≥ 5 are all parallel to the imaginary axis.
We remark first that none of the remaining d(d − 1)/2 − [(d − 1)/2] lines is parallel to the imaginary axis. Indeed, if the line going through α 1 , α 2 , where α 1 is non-real and α 2 = α 1 , α 1 , is parallel to the imaginary axis then
which is impossible, by Lemma 1 of [4] . Suppose that α 2 is non-real. Then there is an automorphism σ ∈ G which maps α 2 to the real conjugate α and fixes each of the conjugates α 2 , α 1 , and α 1 . Then
Two lines passing through α 1 , α 2 and α 3 , α 4 , where α 1 , α 2 , α 3 are distinct, α 4 = α 2 , α 3 , but α 4 can be equal to α 1 (this corresponds to the case when α 1 , α 2 , α 3 lie on a line), are parallel if there is a real constant k such that α 1 − α 2 = k(α 3 − α 4 ). Evidently, then
We will show that this equation is impossible. It is clear that the algebraic numbers α 1 , . . . , α 4 , α 1 , . . . , α 4 are all conjugate to α 1 . They are not necessarily all distinct, but
Suppose that the list α 1 , . . . , α 4 , α 1 , . . . , α 4 , which we denote by L, contains at least one number, say, without loss of generality, α 1 exactly once. Then α 1 must be nonreal and the list L contains α 1 only once too. As above, there is an automorphism σ ∈ G that transposes α 1 with α 1 and fixes all other conjugates of α 1 . Setting X :
by taking an automorphism which transposes α 1 with α 1 and fixes α 2 and α 2 , we deduce that α 1 = α 1 , a contradiction.
The only alternative to the above is that each number in the list L occurs at least twice. Note that, without loss of generality, we may assume that α 1 is non-real and α 2 = α 1 . In the case when α 4 = α 1 we must have α 2 = α 2 or α 2 = α 3 . It is clear that α 2 = α 2 implies that α 3 = α 3 , so both α 2 and α 3 are real. Then the lines passing through α 1 , α 2 and α 3 , α 4 are parallel only if α 2 = α 3 , a contradiction. Alternatively, if α 2 = α 3 then α 3 = α 2 , so the numbers α 1 , α 2 , α 3 , α 1 , α 2 , α 3 all must lie on a line parallel to the imaginary axis. We already showed above that this is impossible. Suppose that α 4 = α 1 . Then all four numbers α 1 , α 2 , α 3 , α 4 are distinct, α 1 is non-real and
, we may assume without loss of generality that α 1 = α 3 . Hence α 3 = α 1 and the list L becomes α 1 , α 2 , α 1 , α 4 , α 1 , α 2 , α 1 , α 4 . Thus either α 2 = α 4 or both α 2 and α 4 are real (which, in principle, can happen for d even). In the first case, we obtain that (α
. Both cases α 1 + α 1 = α 2 + α 2 (leading to α 1 and α 2 having the same real part) and α 1 − α 1 = α 2 − α 2 (see the above paragraph) were already shown to be impossible. If α 2 and α 4 are both real then, using α 2 = α 2 and α 4 = α 4 , we deduce that (α
Here, the numbers α 1 , α 1 , α 2 , α 4 are distinct. (For d = 4, this equality means that all four conjugates form a rhombus.) The Galois group G contains a transposition which interchanges α 1 with α 2 and fixes both α 1 and α 4 . Thus α 2 + α 1 = α 1 + α 4 , giving α 1 = α 2 , a contradiction.
No three distinct conjugates of a Salem number lie on a line
Lemma 5. Suppose that some three distinct conjugates of a Salem number α lie on a line. Then there exist two distinct conjugates α and α of α such that |α | = |α | = 1 and |α − α ||α − α | = α 2 − 1.
Proof: Evidently, three numbers lying on the unit circle |z| = 1 cannot lie on a line, so either α or α −1 (but not both, because these two are the only real conjugates) is among the three conjugates of α lying on a line.
Suppose first that α, α and α , where |α | = |α | = 1 and α = α , lie on a line. Let A, A and A be three points placed at the points of the complex plane α, α and α , respectively. Without loss of generality we may assume that A is between A and A. Put also B and B for 1 and −1, respectively, so that B , B and A lie on a line. From elementary geometry, by the similarity of triangles AA B and AA B, we have AA · AA = AB · AB. Hence
as claimed.
Suppose now that α −1 , α 2 and α 3 , where |α 2 | = |α 3 | = 1 and α 2 = α 3 , lie on a line. Now, let A 1 , A 2 and A 3 be the points placed at α −1 , α 2 and α 3 , respectively. Clearly, the point A 1 is between A 2 and A 3 and B , A 1 and B lie on a line. Now, by the similarity of triangles
Clearly, α and α are conjugate to α.
Multiplying both sides of the equation |α
as required.
If α is a Salem number of degree d, then β > 2 is a totally real algebraic integer of degree d/2 having its remaining d/2 − 1 conjugates (different from β itself) in the interval (−2, 2). Squaring the equation of Lemma 5, we find that
Suppose that β = β . Then, from α = α and β − β = (α − α )(1 − (α α ) −1 ), we deduce that α α = 1, i.e., α and α are complex conjugate numbers α = 1/α = α . By Lemma 5, it follows that
i.e., αβ = 2. Hence β = 2/α. However, the number on the left hand side is totally real, whereas 2/α has some non-real conjugates, e.g., 2/α , a contradiction.
Lemma 7. Let u and v be two real numbers such that u+v = 0. Then the three numbers u, v and (4 + uv)/(u + v) cannot all belong to the interval (−2, 2).
Proof: Suppose that u, v ∈ (−2, 2). We need to show that (4 + uv)/(u + v) is either less than −2 or greater than 2. Indeed, if u + v > 0 then (4 + uv)/(u + v) > 2, because
Proof of Theorem 1: Suppose that some three distinct conjugates of a Salem number α lie on a line. Put β = α + α −1 , and take β , β as in Lemma 6.
Recall that β > 2 is an algebraic integer whose conjugates different from β itself all lie in the interval (−2, 2). Obviously, β + β = 0, because −β is not a conjugate of β. So Lemma 6 implies that β = (4 + β β )/(β + β ).
Applying an automorphism σ that maps β → β , we obtain β = (4+σ(β )σ(β ))/(σ(β )+ σ(β )), where, by Lemma 7, either σ(β ) or σ(β ) must be β. Denoting by β * the other conjugate, so that {σ(β ), σ(β )} = {β, β * }, we have β = (4 + ββ * )/(β + β * ).
Subtracting β (β + β * ) = 4 + ββ * from β(β + β ) = 4 + β β , we obtain ββ − β β * = β β − ββ * . Hence (β − β )(β + β * ) = 0, which is impossible, because β = β and, as above, β + β * = 0.
Proof of Theorem 2
Let α be a Salem number of degree d. We shall denote its distinct conjugates on the unit circle by α 1 , α 2 , . . . , frequently using the fact that α j = α −1 j . We suppose that there exist two pairs of conjugates such that the lines passing through each pair are parallel. There are eight possibilities for these two pairs:
(a) α 1 , α 2 and α 3 , α 4 ; (b) α, α −1 and α 1 , α 2 ; (c) α, α 1 and α 2 ,
1 . We begin with case (a). The line through α 1 , α 2 is parallel to the line through α 3 , α 4 if there is a real constant k such that α 1 − α 2 = k(α 3 − α 4 ). Taking complex conjugates, we have α 1 − α 2 = k(α 3 − α 4 ) and, using
In case (b) the line passing through α 1 and α 2 must be parallel to the real axis, so α 1 α 2 = −1. This is impossible, by Salem's result.
In case (c) we have α − α 1 = k(α 2 − α 3 ) for some real constant k.
Map α 2 to α. Then, as α −1 2 → α −1 and α −1 2 / ∈ {α, α 1 , α 3 }, we see that α → α 4 , α 1 → α 5 and α 3 → α 6 . (In principle, α 4 , α 5 , α 6 can be α 2 or α 3 .) We thus obtain α 4 − α 5 = −(α 4 − α −1 5 )αα 6 , i.e., α 4 − α 5 = α(α 6 /α 5 )(1 − α 4 α 5 ). Now, consider the corresponding complex conjugate equation α 4 − α 5 = α(α 6 /α 5 )(1 − α 4 α 5 ), equivalent to α 4 − α 5 = α(α 5 /α 6 )(1 − α 4 α 5 ). This gives α 5 /α 6 = α 6 /α 5 , i.e., α 2 5 = α 2 6 , contradicting Salem's result again.
Case (c ) can be worked out in the same manner as (c) with α replaced by α −1 . So we now turn to case (d). Then, as above, there is a real number k such that α − α 1 = k(α 2 − α −1 1 ). Taking complex conjugates, we obtain α − α −1 1 = k(α −1 2 − α 1 ). Dividing one equation by the other, we get (
Multiplying by α 1 we get αα 1 (α 1 + α 2 ) = α 3 1 + α 2 . Map α 2 to α. Suppose that α → α 3 and α 1 → α 4 . (Here, α 3 , α 4 can be α 1 or α 2 .) It follows that
, giving α 4 4 = 1, a contradiction to Salem's result. The case (d ) is essentially the same as (d). (One only needs to replace α by α −1 in the above argument.) In case (e) we have α − α 1 = k(α −1 − α −1 1 ) = k(α 1 − α)(αα 1 ) −1 with some real number k. Thus αα 1 = −k, which is impossible, because the left hand side is non-real.
Finally, in case (f ) we have α−α 1 = k(α −1 −α 2 ). Clearly,
Suppose that this automorphism maps α → α 3 and α 2 → α 4 . (Once again, α 3 , α 4 and α 5 , α 6 , which we introduce below, can be α 1 or α 2 .) We obtain that α 2 3 α(α 2 4 − 1) + α 3 (α 2 − α 2 4 ) − (α 2 − 1)α 4 = 0, i.e., α 2 (α 3 − α 4 ) + αα 2 3 (α 2 4 − 1) + α 4 (1 − α 3 α 4 ) = 0. By taking the complex conjugate equation we deduce that
Suppose that then α → α 5 and α 3 → α 6 . This automorphism maps the last equality into αα 2 6 (α 5 α 6 − 1) = α 5 − α 6 . The corresponding complex conjugate equation is αα −2 6 ((α 5 α 6 ) −1 − 1) = α −1 5 − α −1 6 . Multiplying by −α 5 α 6 , we obtain αα −2 6 (α 5 α 6 − 1) = α 5 − α 6 . Thus α 2 6 = α −2 6 , giving α 4 6 = 1, a contradiction. This completes the proof of the theorem.
Pisot numbers
Pisot numbers are close relatives of Salem numbers. Recall that a Pisot number α > 1 is an algebraic integer whose conjugates, except for α itself, all lie in the unit disc |z| < 1. It is known that at most two conjugates of a Pisot number can have the same modulus [3] . Moreover, Mignotte [1] proved that there are no non-trivial multiplicative relations between the conjugates of a Pisot number. This implies, for instance, that no two nonreal conjugates of a Pisot number can have the same argument. Otherwise, we would obtain the multiplicative relation α 1 α 2 = α 3 α 4 in conjugates of a Pisot number, which, by Mignotte's result, is impossible.
• Can two non-real conjugates of a Pisot number have the same imaginary part?
• Can four conjugates of a Pisot number have the same real part?
Note that it cannot be the case that exactly three conjugates of a Pisot number have the same real part. Indeed, if so, then one of these three, say, α 1 must be real and the other two, say, α 2 , α 3 must be complex conjugates, i.e., α 3 = α 2 . However, this leads to the equation 2α 1 = α 2 + α 3 which, by Lemma 1 of [4] , has no solutions in distinct conjugates of an algebraic number.
Both questions lead easily to the following non-trivial additive relation
in distinct conjugates of a Pisot number. It is quite tempting to conjecture that, similarly to the multiplicative case, this equation has no solutions in such conjugates. If so, this would imply that the answer to both questions posed above is negative. However, the situation is not that simple, as this equation is solvable in conjugates of a Pisot number. We give the following example. It follows that the numbers α, α 3 , α 2 , α 4 form a rhombus in the complex plane.
The minimal polynomial x 4 − 2x 3 + x − 1 of the α just given can be written in the form P (x 2 − x), where P (z) = z 2 − z − 1. This kind of construction gives other, albeit non-Pisot, examples of interest. For instance, when P (z) = z 3 − z 2 − 1 the polynomial P (x 2 − x) = x 6 − 3x 5 + 2x 4 + x 3 − x 2 − 1 is irreducible and has two roots with the same imaginary part. However, it has three roots outside the unit circle, so does not give a Pisot number.
When P (z) = z 3 + 4z 2 + 3z − 1 the polynomial P (x 2 − x) = x 6 − 3x 5 + 7x 4 − 9x 3 + 7x 2 − 3x − 1 is again irreducible, and has four roots with the same real part. But it has five roots outside the unit circle.
We end with a speculative construction method which just may be able to answer these questions in the affirmative. For this, we need a simple result.
Lemma 8. Let β, γ ∈ C. Then the polynomial z 2 − βz − γ has • two roots in |z| < 1 when |γ| < 1 and |β| < |γ − 1|;
• exactly one root in |z| < 1 when |γ| = 1 and |β| > |γ − 1|; • no roots in |z| < 1 when |γ| > 1 and |β| < |γ − 1|.
Now suppose that β is real. Then
• if γ is non-real, then (z 2 − βz − γ)(z 2 − βz − γ) has two non-real roots with the same imaginary part;
• if γ and γ are both real and less than −β 2 /4, then all four roots of (z 2 − βz − γ)(z 2 − βz − γ ) have the same real part.
The first part of the proof comes from applying Rouché's Theorem to the identity (γz 2 + βz − 1) − γ(z 2 − βz − γ) = (1 + γ)(βz + γ − 1).
The second part is an easy exercise.
We now indicate how the lemma might be applied. Suppose that β is algebraic with γ of degree at least 2 over Q(β), and that x 2 − βx − γ is irreducible over Q(γ). For simplicity of exposition, we shall assume from now on that in fact γ is quadratic over Q(β) with γ being its conjugate. Suppose that d ≥ 2, β has conjugates β = β 1 , . . . , β d and that the conjugates of γ that are quadratic over Q(β i ) are γ i and γ i . Suppose too that |γ 1 | > 1, |γ i | < 1 (i = 2, . . . , d), |γ i | < 1 (i = 1, . . . , d), |γ 1 − 1| < |β 1 | < |γ 1 − 1| while |β i | < min (|γ i − 1|, |γ i − 1|) for i = 2, . . . , d. Then
has one root of modulus greater than 1 and the rest of modulus less than 1. It is therefore irreducible and so, for β and γ algebraic integers, Q is the minimal polynomial of ± a Pisot number. Further,
• if β 2 (say) is real and γ 2 non-real, then, by Lemma 8, we would obtain a Pisot number with two non-real conjugates having the same imaginary part; • if β 2 is real and γ 2 and γ 2 are both real and less than −β 2 2 /4, then, by Lemma 8, we would obtain a Pisot number with four conjugates having the same real part.
On the other hand, we have been able neither to make use of Lemma 8 nor to find another example of a Pisot number α whose conjugates satisfy α 1 + α 2 = α 3 + α 4 , except for α = (1 + 3 + 2 √ 5)/2. If one were able to show that there are only finitely many such examples, it would be a step towards answering our questions in the negative. The most we can say is that such an α must be less than 3: this comes immediately from mapping α 1 in α 1 = α 3 + α 4 − α 2 to α by an appropriate automorphism.
